Strongest constraint in $f(R) = R+ \alpha R^2$ gravity: stellar
  stability by Pretel, Juan M. Z. et al.
Prepared for submission to JCAP
Strongest constraint in
f(R) = R+ αR2 gravity: stellar
stability
Juan M. Z. Pretel, a Sergio E. Jora´sa and Ribamar R. R. Reisa,b
aInstituto de F´ısica, Universidade Federal do Rio de Janeiro,
CEP 21941-972 Rio de Janeiro, RJ, Brazil
bObservato´rio do Valongo, Universidade Federal do Rio de Janeiro,
CEP 20080-090 Rio de Janeiro, RJ, Brazil
E-mail: juanzarate@if.ufrj.br, joras@if.ufrj.br, ribamar@if.ufrj.br
Abstract. In the metric approach of f(R) theories of gravity, the fourth-order field equations
are often recast as effective Einstein equations in the presence of standard matter and a
curvature fluid (which gathers all the extra terms), always in the Jordan frame. In this
picture, we investigate the strong gravity regime of the f(R) = R+αR2 model. In particular,
we focus on the stability of a compact star composed by a mixture of ordinary matter —
described by a polytropic equation of state — and an effective curvature fluid in an otherwise
standard Einstein gravity, so that we are able to apply the usual equations that govern the
radial adiabatic oscillations of relativistic stars. Our new restriction on the free parameter
is α . 2.4× 108 cm2 in order to guarantee stellar stability, about 100 times more restrictive
than previous results (based on mass-radius relations alone) in the literature.
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1 Introduction
Although f(R) theories have been studied in order to explain the accelerated expansion of
the universe at cosmological scales (both in the early and late eras), such class of theories
must also be tested at smaller scales, that is, at the astrophysical level. Therefore, it is
important to investigate the physical characteristics of compact stars within the framework
of f(R) theories of gravity. One of the simplest modifications of General Relativity (GR
from now on) in the strong gravity regime is the theory popularly known as the Starobinsky
model [1], given by f(R) = R + αR2. Although such model has been already discarded on
cosmological grounds [2], such a theory has been widely used in literature (see references
below) to construct compact stars, in order to probe the outcome of such high-curvature
modifications and ultimately providing some insight on viable modifications.
The structure of compact stars is usually studied through two approaches: perturbative
methods (where f(R) is considered a small perturbation from GR) [3–8] and non-perturbative
ones (where the full fourth-order differential equations have to be solved) [9–12]. In both of
them, the gravitational mass (defined on the surface of the star) decreases with α. Neverthe-
less, in the non-perturbative approach a “gravitational sphere” emerges outside the star, so
that the astrophysical mass (measured by distant observers) of compact stars increases with
α — see Ref. [13, 14] for a discussion on the many definitions of mass in R2 gravity.
The aforementioned works successfully construct mass-radius diagrams for both quark
and neutron stars in equilibrium with a bonus: they allow star masses M above the standard
GR limit. Although the plain determination of the star (maximum) mass could, in principle,
lead to a maximum value for α, it does not yield a lower bound to α, since the mass values
coincide with the ones predicted by GR when α→ 0.
In spite of being a crucial point, the stability of such stars has not been studied yet
in f(R) gravity. In GR, a necessary condition for stellar stability along the sequence of
equilibrium configurations is dM/dcent > 0 (where cent is the central energy density). How-
ever, such requirement cannot be naively applied here: f(R) theories present an extra degree
of freedom, which would, in principle, allow a new decay branch — the emission of scalar
gravitational waves from a radially oscillating star (which simply does not happen in GR).
On the other hand, we know that a sufficient condition for stability of any physical
system is that its lowest normal-mode frequency must be real [15]. In the present paper we
apply the latter (and more general) requirement in f(R) gravity, writing the extra terms
in the modified Einstein equations as an effective energy-momentum tensor (also known as
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curvature fluid). The advantage of writing the field equations as effective Einstein equations
is that the complexity of the problem in modified gravity is reduced to problems already
known and well studied in GR. Then, the energy-momentum tensor in the effective Einstein
equations Tµν includes both fluid components and, therefore, we can use the traditional
equations for radial oscillations of adiabatic relativistic stars in GR in order to study the
stellar stability in f(R) gravity. Similar adoptions for two-fluid stars were also considered in
[16–18].
The stability of non-rotating stars is controlled by normal modes in which the perturba-
tions in the fluid are purely radial [19–25], while the theory of non-radial oscillations is used
to analyze the emission of gravitational radiation from non-stationary sources [26]. In fact,
the radial perturbations in GR do not couple to gravitational radiation. According to Ref.
[27], quasi-normal modes are the proper modes at which a compact object oscillates when is
excited by a non-radial perturbation. They are said quasi-normal because they are damped
by the emission of gravitational waves. In this respect, some important contributions have
been made such as the study of quasinormal modes of compact stars in GR [28–31] and re-
cently in R2 gravity by taking advantage of its mathematical equivalence with scalar-tensor
theories [32–35]. However, the normal modes of radial oscillations in f(R) gravity have not
been calculated yet. In the present work we are interested in studying the stellar stability
against radial pulsations in the Starobinsky model using a two-fluid formalism.
As we will see further below, our approach yields the strongest constraints in α to the
best of our knowledge.
2 Modified TOV equations
In f(R) theories of gravity, the Einstein-Hilbert action is modified by a generic function of
the Ricci scalar R. The Jordan frame 1 action is given by
S =
1
2κ
∫
d4x
√−gf(R) + Sm, (2.1)
where κ = 8piG/c4, g is the determinant of the metric tensor gµν , and Sm denotes the action
of ordinary matter.
The metric formalism [36, 37] — which we follow in this work — consists of varying the
action (2.1) with respect to the metric tensor and yields the modified Einstein equations:
fRRµν − 1
2
gµνf −∇µ∇νfR + gµνfR = κTmµν , (2.2)
where Tmµν is the energy-momentum tensor for ordinary matter, fR(R) ≡ df(R)/dR, ∇µ is
the covariant derivative, and  ≡ ∇µ∇µ is the d’Alembert operator in the curved spacetime.
The trace of the above equation determines the dynamics of R for a given matter source,
namely,
3fR(R) +RfR(R)− 2f(R) = κTm. (2.3)
For the background, we consider a static and spherically symmetric system whose space-
time is described by the usual line element
ds2 = −e2ψ(r)(dx0)2 + e2λ(r)dr2 + r2dΩ2, (2.4)
1We shall keep the analysis in the Jordan frame throughout this work
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where x0 = ct, and dΩ2 = dθ2 + sin2 θdφ2 is the line element on the unit 2-sphere. The
standard matter source under consideration is described as a perfect fluid, for which the
energy-momentum tensor is Tmµν = (
m + pm)uµuν + p
mgµν , being uµ the four-velocity of
the fluid, m = c2ρm the energy density (where ρm indicates mass density), and pm is the
pressure. In GR, where f(R) = R, the Klein-Gordon-like equation (2.3) is reduced to R =
−κ(3pm − m), i.e, an algebraic equation. In fact, in f(R) gravity, Tm = 0 no longer implies
R = 0 as in the outer region of a compact star in GR. Now the Ricci scalar (besides the
metric itself) is also a dynamical field described by a differential equation (2.3) — this is the
aforementioned extra scalar degree of freedom.
The theory of gravity to be used is the Starobinsky model f(R) = R + αR2 — also
known as quadratic gravity — where α is a free parameter which is usually given in units
of r2g , where rg = GM/c2 ≈ 1.477 km is the solar mass in geometrical units. Through the
geodetic precession of a gyroscope in a gravitational field and the precession of binary pulsars,
this parameter has been constrained from the result of the Gravity Probe B experiment as
α . 5 × 1015 cm2 = 2.3 × 105 r2g , whereas for the pulsar B in the PSR J0737-3039 system
the bound is about 104 times larger [38]. On the other hand, in the strong-gravity regime
2 (for a variety of equations of state by using observational constraints on the mass-radius
relation), the constraint is α . 1010 cm2 = 0.5 r2g [4]. In our work, the condition of stability
imposes a new constraint given by α . 0.01 r2g .
From Eqs. (2.2)-(2.4) together with the four-divergence of the energy-momentum tensor,
within the framework of quadratic gravity, the structure of a star in the state of hydrostatic
equilibrium is described by modified Tolman-Oppenheimer-Volkoff (TOV) equations [39]:
dψ
dr
=
1
4r(1 + 2αR+ αrR′)
[
r2e2λ(2κpm − αR2) + 2(1 + 2αR)
(
e2λ − 1
)
− 8αrR′
]
, (2.5a)
dλ
dr
=
1
4r(1 + 2αR+ αrR′)
{
2(1 + 2αR)
(
1− e2λ
)
+
r2e2λ
3
[
2κ(2m + 3pm) + 2R+ 3αR2
]
+
2αrR′
1 + 2αR
[
2(1 + 2αR)
(
1− e2λ
)
+
r2e2λ
3
(2κm +R+ 3αR2) + 4αrR′
]}
,
(2.5b)
d2R
dr2
=
e2λ
6α
[
R+ κ
(
3pm − m)]+ (λ′ − ψ′ − 2
r
)
R′, (2.5c)
dpm
dr
= −(m + pm)ψ′, (2.5d)
where the prime denotes derivative with respect to the radial coordinate. As usual, the radius
of the star rsurf is determined by the condition p
m(rsurf) = 0.
In order to close the system of four coupled differential equations (2.5a)-(2.5d) (equiva-
lent to five 1st-order ones), we need an Equation of State (EoS) which relates the pressure and
the density of ordinary matter inside the star, this is, pm = pm(m). To guarantee regularity
at the origin, we should establish the following five boundary conditions:
ψ(0) = 0, λ(0) = 0, R(0) = Rcent, R
′(0) = 0, (2.6)
for a given central energy density m(0) = mcent. Outside the star (where both density and
pressure of the ordinary fluid vanish), we have to solve equations (2.5a)-(2.5c) — equivalent
2As opposed to the weak-gravity regime, where the chameleon effect [47] takes over and the gravitational
force is not modified.
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to four 1st-order ones — subject to the four junction conditions on the stellar surface
ψin(rsurf) = ψout(rsurf), λin(rsurf) = λout(rsurf),
Rin(rsurf) = Rout(rsurf), R
′
in(rsurf) = R
′
out(rsurf). (2.7)
The value of Ricci scalar at the center (Rcent) must be chosen so that it satisfies the asymptotic
flatness requirement at infinity, namely R(r)→ 0 as r →∞.
3 Curvature fluid
We describe the curvature-induced terms as an effective fluid. In other words, field equations
in f(R) gravity (2.2) can be written as effective Einstein equations with a total energy-
momentum tensor composed of two fluids indeed: a standard matter fluid, described by Tmµν ,
and a curvature fluid, described by,
T cµν ≡
1
κ
[
(1− fR)Rµν + 1
2
(f −R)gµν +∇µ∇νfR − gµνfR
]
, (3.1)
which can be put in the form of an energy-momentum tensor corresponding to an anisotropic
perfect fluid, i.e., T
(c)ν
µ = diag (−c, pc, pct , pct). Accordingly, the Einstein tensor is given by
Gµν = κ
(
Tmµν + T
c
µν
)
. Such approach has already been successfully used in the study of
cosmological perturbations [40, 41]. To the best of our knowledge, the present paper is the
first time such definitions are used to investigate the (radial) perturbations of a star.
In particular, for a stellar configuration in hydrostatic equilibrium described by the
metric (2.4) in the Starobinsky model, the curvature energy density, the curvature radial
pressure, and the curvature transverse pressure are given, respectively, by
c ≡ 1
κ
{
−2αR
r2
d
dr
[
r
(
1− e−2λ
)]
+
α
2
R2 +
2α
e2λ
[(
2
r
− λ′
)
R′ +R′′
]}
, (3.2)
pc ≡ 1
κ
{
−2αR
r
[
2ψ′
e2λ
− 1
r
(
1− e−2λ
)]
− α
2
R2 − 2α
e2λ
(
2
r
+ ψ′
)
R′
}
, (3.3)
pct ≡
1
κ
{
−2αR
r2
[
1 +
rλ′ − rψ′ − 1
e2λ
]
+
α
2
R2 − 2α
e2λ
[(
1
r
+ ψ′ − λ′
)
R′ +R′′
]}
. (3.4)
From now on, we choose to disregard the curvature transverse pressure pct since there are no
growing modes for this quantity [42]. Nevertheless, we point out that, even in GR, a non-
vanishing transverse pressure at the star surface (as in the present case) modifies the value of
the central density above which stability ceases to exist [43]. Here, we do expect such change
— we recall that we write the modified equations as GR with an extra “effective” (curvature)
component — with, perhaps, a different sign and magnitude of the change. Indeed, as we
will show in Section 5, the standard stable branch turns out to be unstable for not-so-small
values of α.
Once the system of equations (2.5a)-(2.5d) is solved for a given EoS, the curvature
quantities are obtained for each specific value of central density.
The tt component of the field equations (2.2) leads to an analogous expression in GR:
d
dr
(
re−2λ
)− 1 = −κr2(m + c) ≡ −κr2, (3.5)
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which allows us to introduce a mass function m(r) through the relation
e−2λ = 1− 2Gm(r)
c2r
. (3.6)
This means that within the star both the ordinary matter fluid and the curvature fluid
contribute to the mass enclosed by a sphere of radius r ≤ rsurf . Meanwhile outside the star,
unlike GR where R = 0, there is an energy density due to the curvature fluid described
by R 6= 0. As a result, the star is surrounded by a sphere (dubbed “gravitational sphere”
[11, 12]) that contributes to the gravitational mass [13]. In fact, there is an effective radius
reff beyond which the mass function becomes a constant (up to 0.01%)
3. We take this radius
to be the effective boundary of the star and henceforth we are going to define a total pressure
as p ≡ pm + pc.
4 Equations for radial oscillations
The study of radial adiabatic oscillations (for which the assumption of spherical symme-
try holds and the dissipative flows play no role) within the framework of GR began with
Chandrasekhar [19, 20], where Einstein equations are linearized around the equilibrium con-
figuration to generate a Sturm-Liouville problem. When a star is perturbed in a way that its
spherical symmetry is not violated, the perturbation will cause motions in the radial direc-
tions so that each fluid element located at radial coordinate r in the equilibrium configuration
is displaced to radial coordinate r + ξ(t, r) in the perturbed configuration. Equations that
govern such pulsations can be rewritten in several forms [21–25], some of them being suitable
for numerical computations — here, we will follow Gondek’s form [24]. We assume that the
displacement function, the perturbations in the metric functions, in the energy density and
in the pressure present a harmonic behavior, i.e, ∼ exp(iωt). We then are lead to a system
of coupled first-order time-independent equations, namely
dζ
dr
= −1
r
(
3ζ +
∆p
γp
)
− dp
dr
ζ
p+ 
, (4.1)
d(∆p)
dr
= ζ
[
ω2
c2
e2(λ−ψ)(p+ )r − 4dp
dr
− κe2λ(p+ )rp+ r
p+ 
(
dp
dr
)2]
+
+ ∆p
[
1
p+ 
dp
dr
− κ
2
(p+ )re2λ
]
, (4.2)
where ξ(t, r) ≡ χ(r)eiωt, ζ ≡ χ/r, γ ≡ (1+/p)dp/d is the adiabatic index, ∆p ≡ δp+χdp/dr
is the Lagrangian perturbation of the pressure, and δp is the Eulerian perturbation.
In order to guarantee that dζ/dr is regular everywhere in equation (4.1), we require
that ∆p = −3γζp as r → 0. In GR the other boundary condition is imposed on the surface
of the star where the matter pressure is zero. Here, however, we have pc(rsurf) 6= 0. Thus,
it is convenient to establish the boundary condition at reff where the total pressure goes to
zero, so that the Lagrangian perturbation of the pressure must satisfy ∆p = 0 as r → reff.
5 Numerical results and discussion
In our analysis we consider compact stars with polytropic EoS, this is, pm = κ¯(ρm)1+1/n,
with polytropic index n = 1 and κ¯ = 100 km2, in geometric units, which are typical values
3there is no observable variation of the frequency of the fundamental mode with a variation of 0.1%
– 5 –
to describe neutron stars [22]. We have decided to use this EoS for its analytical simplicity
and because it is widely used in the literature to study self-gravitating objects [30, 44–46].
Despite its simplicity, the qualitative relation between the pressure and the energy density —
similar to those in more realistic EoS — suffices to achieve a proof of concept: to demonstrate
the constraint power of stability under radial oscillations.
The first stage of our work is to numerically solve the modified TOV equations (2.5a)-
(2.5d) inside and outside the star with initial and boundary conditions (2.6) and (2.7) for a
given central density mcent. This is performed taking into account that the asymptotic-flatness
requirement is fulfilled only for a unique value of Rcent. Each solution provides us a config-
uration in state of hydrostatic equilibrium with surface radius rsurf and total gravitational
mass M = m(reff). Families of equilibrium solutions, in GR and in the Starobinsky model
for three values of α, are presented in figure 1; the upper panel shows the mass-radius curves
and the lower panel shows the mass-central density relations.
According to GR, stable stars have radii (central densities) larger (smaller) than the
value corresponding to the maximum mass. In f(R), however, it is crucial to realize that even
smaller-mass solutions could be in a state of either stable or unstable equilibrium. In other
words, this equilibrium configurations pictured in Fig. 1 does not guarantee stability with
respect to a compression or decompression generated by a radial perturbation. Indeed, in
GR [15] the transition from stability to instability always occurs for isotropic stars at the first
maximum on the mass-central density curve. Nevertheless, this condition is no longer satisfied
in f(R) gravity because of the contribution from the curvature fluid. Namely, there are two
main reasons for such behavior: First, a fluid with anisotropic stress shifts [43] the stability
threshold value for the central density, which no longer coincides with the corresponding
value for the maximum mass, even in GR. This is precisely the case for the curvature fluid at
hand. Secondly, the curvature fluid “leaks out” from the “barionic” star itself (whose surface
radius is defined by pm(rsurf) = 0), but the effective radius, which defines the mass, is larger
than that.
Therefore, the sufficient condition for stability, that holds in the most general cases and
which we shall adopt here, is that the frequencies of the normal modes of radial oscillations
must be Real. If the squared frequency of the fundamental mode is negative for a particular
configuration, then at least this one frequency is imaginary and, therefore, the star is unstable,
since the perturbation will then follow the growing mode ∼ exp(+=(ω)t) — which is absent
from the beginning in quasinormal modes studies [31].
The numerical integration of equations (4.1) and (4.2) is carried out by using the shoot-
ing method, that is, we integrate the equations for a set of trial values of ω2 satisfying
the condition ∆p = −3γζp at r = 0. In addition, we consider normalized eigenfunctions
(ζ(0) = 1) at the center, and we integrate up to the effective radius. Then, the values of the
squared frequency for which the boundary condition ∆p(reff) = 0 is satisfied are the correct
normal frequencies of the radial pulsations.
In particular, we show in Fig. 2 the Lagrangian perturbation of the pressure at reff
for a set of values ω2 in GR and in f(R) = R + αR2 gravity, for a central mass density
ρmcent = 2.0 × 1018 kg/m3. Such a star is stable according to GR (see Fig. 1, lower panel).
The first (leftmost) minimum in each curve corresponds to the frequency of the fundamental
mode. If this mode is stable (ω20 > 0), then all radial modes are stable since the fundamental
frequency is the lowest one. As a consequence of this stability requirement, for the central
density considered, the free parameter must be α . 0.011 r2g = 2.4×108 cm2. Such tiny value
would render the quadratic gravity indistinguishable from GR for all previously proposed tests
– 6 –
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Figure 1. Stellar parameters for neutron stars with polytropic EoS in GR and in f(R) = R+ αR2
gravity for some values of the free parameter α in r2g units. Upper panel: Mass-radius relation. Lower
panel: Mass-central density diagram. As it has been shown in previous works, the maximum mass
increases as the value of α increases.
in the literature. In particular, we point out that such small values of α would yield minor
and unobservable changes in the maximum mass (note the order of magnitude of the values
for α used in Fig. 1). We have tested the procedure for two other values of central density
in the GR stable branch and obtained compatible results.
The results presented here are stronger than previous values in the literature. We have
pointed out possible reasons for such discrepancies; namely, the curvature fluid itself — in
spite of previous success in Cosmology — its anisotropic stress and the subsequent different
radius definitions. We have also preformed a full-equation analysis (i.e, non perturbative)
that yields more robust results. We will keep following such analysis of the modified Einstein
equations both with and without the curvature-fluid definition for different models in a series
of forthcoming works.
We are currently investigating more realistic EoS as well as viable modified gravity
models.
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Figure 2. Absolute value of the Lagrangian perturbation of the pressure at the effective radius on
a logarithmic scale for a set of trial values of ω2 in GR and Starobinsky model with a central mass
density ρmcent = 2.0 × 1018 kg/m3. The minima in each curve correspond to the correct frequencies
of the oscillation modes for equilibrium configurations. The values of the parameter α (see inset) are
given in units of r2g .
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